Abstract. The phenomenon of replacement migration into declining population prompts development of multicomponent models in population dynamics. We propose a simple model of population including resident and migrant components with migration flow as an external input. The main assumption is that offspring that are born to migrants will have the same vital rates as the resident population. The proposed model is based on partial differential equation to take into account the age structure of the population. The formulae for exact solutions are derived. We focus on the case when native population declines in the absence of migration. Assuming a sufficiently large constant growth rate of migration we obtain asymptotic solutions as t → ∞. Using the asymptotic solutions, we have calculated "critical" value of growth rate of migrant inflow that is the value that provides, as time tends to infinity, the equal number of residents and migrants in the population. We provide numerical illustrations using demographic data for Germany in 2010.
Introduction
Models of population dynamics play major roles in many areas of science such as human demography, ecology, and biology (Stott, 2011) and are integral to population management (Menges, 1990; Fujiwara and Caswell, 2001 ). There are two types of population growth models: continuous-time and continuousage models (Sharpe and Lotka, 1911; McKendrick., 1926; Von Foerster, 1959 ) and discrete time-variable and discrete-age scale model (Bernadelli, 1941; Leslie 1945 ). Keyfitz and Keyfitz (1997) compare the McKendrick-von Foerster equation with discrete (i.e. Leslie-type) models and show some advantages of the continuous model. One can consider Leslie matrix model as an approximation to McKendrick model. But this is nothing more than one of many possible approximation procedures. This approach lacks flexibility, which could lead to significant errors in projection. In particular, the discretization of age distribution in the boundary condition leads to errors, since the true projected value, in fact, depends on the way in which the population is distributed within the age intervals. Henson (1998) discusses the relationship between Leslie and the PDE models. She notes that Leslie model is often low-
Model
We study the McKendrick-von Foerster (McKendrick, 1926; Von Foerster, 1959) two subpopulations system of first order linear partial differential equations:
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where (x, t) ∈ Ω = {(x, y) ∈ R 2 | x ∈ (0, X), t > 0}, which is a differential form of the conservation law of the number of individuals in the continuous model of the age structure of a population that consists of two subpopulations with external immigration into the second subpopulation. Here µ 1 , µ 2 , p are continous nonnegative functions, and X is a positive number.
It is a dynamical model of a female population consisting of residents and migrants; x denotes the age of individuals, t -the time, N 1 -the age density of residents, N 2 -the age density of migrants, p -the migrant inflow age density, µ 1 , µ 2 -the age specific mortality rates, and X -the maximum lifespan of an individual.
The boundary ∂Ω of the region Ω is the union of three rays: ∂Ω = Γ 1 + Γ 2 + Γ 3 , where Γ 1 is the x positive semiaxis, Γ 2 is the t positive semiaxis, and Γ 3 = {(x, t) ∈ R 2 | x = X, t ≥ 0} . On Γ 1 , we set the standard initial conditions:
3)
Dynamics of a two subpopulations system and on Γ 2 we set the following conditions:
Here f 1 and f 2 are non-negative continuous functions, which can be interpreted as age specific fertility rates. We assume that f 1 (X) = f 2 (X) = 0. The formulae (2.3)-(2.4) mean that, in the model under consideration, the offspring born to the migrants belong to the resident subpopulation. Notice that one does not impose additional restrictions on values of functions N 1 and N 2 on Γ 3 . The characteristics of the equations (2.1) are the straight lines x − t =const. Therefore, the influence region of the conditions (2.3) is Ω 1 = {(x, t) ∈ Ω | x > t} , and the influence region of the conditions (2.4)-(2.5) is Ω 2 = {(x, t) ∈ Ω | x < t} . In the region Ω 1 , the solution to the Cauchy problem (2.1)-(2.3) exists and is unique. The same is true for equation (2.2) with initial condition (2.5) in the region Ω 2 . In section 2, we give the solutions to these problems.
In Section 3, for the region Ω 2 , we reduce equation (2.1) with the additional condition (2.4) to a 2nd kind Volterra integral equation. We conclude that the solution of the problem exists, it is unique and can be efficiently computed by numerical methods.
Remark : if ψ 2 (0) > 0 then the solution will be discontinuous on the line x = t.
Exact Solutions
In the region Ω 1 , we represent the characteristics parametrically as follows:
where x 0 is the abscissa of the intersection point of an characteristic with the x axis. Then x 0 , τ are new coordinates on Ω 1 . Moreover, clearly
The functions N 1 and N 2 on a characteristic are the solutions to the following linear initial value problems:
Solving these problems and substituting the expressions (3.2) for the variables x 0 , τ , we find:
In the region Ω 2 , we represent the characteristics parametrically as follows:
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The function N 2 on a characteristic is the solution to the following linear initial value problem:
Solving this Cauchy problem and returning to the variables x, t we find that, if (x, t) ∈ Ω 2 , then
4. Reducing problem (2.1), (2.4) to a 2nd kind Volterra integral equation
We cannot write immediately the solution to equation (2.1) in the domain Ω 2 as we do not know boundary function N 1 (0, t). We will do the following. Denote N 1 (0, t) = b(t). We can express function N 1 (x, t), t > x via b(t):
According to condition (2.4), the function b(t) conversely can be expressed via the solution to the problem (2.1)-(2.4):
Substituting expression (4.1) into equation (4.2), we get the following integral equation:
where
By changing integration variable t − x = y in (4.3), we get the following integral equation for unknown function b:
Finally, by denoting
we get the following 2nd kind Volterra equation:
The following result of the theory of Volterra equations is well known: for a continuous kernel and a continuous free term, there exists a continuous solution of the Volterra equation of the second kind, which is, moreover, unique (see Hazewinkel, 2001 ). This implies that there exists a unique solution to the problem (2.1)-(2.5).
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An asymptotic solution
In this section, we assume that birth and death rates do not depend on time.
Let λ be the unique solution to the following equation:
Then, in the absence of migrants, λ is the asymptotic growth rate of the solution to the problem (2.1), (2.3), (2.4) in the following sense: there exists the limit
in the norm of the space L 1 ([0, X]) (see Arino, Sánchez & Bravo de la Parra, 1998).
Let us consider the case when migration flow grows exponentially and has a constant age structure:
with k > λ. Then the growth rate k of the migrant inflow p is also the asymptotic growth of the population. That is, there exists lim t→∞ N 1 (x, t)e −kt and lim t→∞ N 2 (x, t)e −kt . We briefly outline the proof. Let t be greater than X. Then, using (5.3), formula (3.9) results in N 2 (x, t) = e kt N 2 (x). Now (4.2) takes the following form:
with some constant C. Representing the function b(t) in the form b(t) = e kt µ(t) , we arrive at the integral equation
Using (5.1), we get the inequality We now use (4.1) to conclude that N 1 (x, t) takes the form e kt n 1 (x) as t → ∞. We find the corresponding asymptotic (as t → ∞) solution to the problem, which is nothing more than a solution of stable population growth:
Substituting (5.4), (5.5) into (2.1), (2.2), (2.4), (2.5), taking into account (5.3), and canceling e kt , we get the following linear ODEs:
with the conditions
The solution to initial value problem (5.7), (5.9) is as follows:
and any solution to equation (5.6) is of the form
Therefore, using condition (5.8), we obtain the equation for the initial value n 1 (0):
that results in the formula
Substituting (5.13) into (5.11), we finally get:
(k+µ1(y)) dy . (5.14)
Numerical illustrations
The calculations are based on the population of Germany. We use the Federal Statistical Office of Germany (Destatis) data from 2010 as initial data (an email demografie@destatis.de, personal communication, February 2015). Mortality and fertility rates for Germany, in the year 2010, were modelled as empirical formulae, using these data as represented below. The mortality rates for local inhabitants were modelled using the following formula: The mortality rates for immigrants were modelled by the formula µ 2 (x) = exp −11.7 + 0.105x + 19.255
The fertility rates are modelled using the Beta function of Hoem et al.(1981) :
The parameters are related to the mean ν and the variance τ 2 of the density through the relations
and
According to Hoem et al. (1981) , the parameters α and β are interpreted as the lower and upper age limits of fertility, respectively. The parameter R determines the overall level of fertility. As a result, the following formulae for local inhabitants and immigrants are obtained:
Figures 1-4 illustrate agreement of the raw data with the above formulae. We use the following models of the 2010 year age distributions of female native and migrant populations in Germany: We have modeled the age distribution of migration inflow in the year 2010 as follows:
where x stands for age in years. This formula agrees with the statistical data in the sense that it gives the same number of immigrants as in each age group represented in statistical data. Figure 5 shows a comparison between the raw data of net immigration flow by age group and the integrals of the modeled age distribution p 0 (x). We have calculated the solution to the partial differential system (2.1)-(2.2) with the initial and boundary conditions (2.3)-(2.5) using quadrature formulae and numerically solving the Volterra equation (4.8).
Based on obtained results, we have calculated time dependence of the size of the local inhabitant population and migrant population. The result for migrant inflow growth rate k = 0.01 is represented on the plot in Figure 6 .
Further, we have calculated the solution to ODEs (5.6), (5.7), with conditions (5.8) and (5.9) using numeric integration for different k in the interval [0, 0.02]. On the basis of obtained results, we have calculated the dependence of the limiting fraction of migrants on the growth rate of migrant inflow k. The result is represented on the plot in Figure 7 .
The Figure 8 represents the corresponding result obtained with the help of matrix projection. The calculations are based on the same data as in Figure 7 . Migration inflow is assumed to be of the form p(x, t) = p 0 (x)e kt , with the initial age distribution of migrant inflow given by (6.10) . Migrant inflow growth rate (k) is set to 0.01. When time is large, the growth rate of local inhabitants' abundance equals to that of immigrants' and the proportion of local inhabitants and immigrants stabilizes. 
Discussion and Conclusion
We suggest a simple two-component population model including immigration as external input that is continuous in age and in time, and derive formulae to effectively investigate and calculate the solution to the corresponding mathematical problem. The main assumption is that the offspring born to the migrants belong to the resident subpopulation. It is, of course, a simplistic assumption as there are differences in fertility rates between children born to immigrants and residents. These differences are less pronounced for offspring that are born to couples where only one parent is an immigrant. Nevertheless, an assumption made in this work is reasonable as a first approximation.
Mathematically the model is a system of two linear first order partial differential equations that are connected only through the boundary condition. The boundary conditions are not classical, namely, boundary values of the unknown function are expressed through an integral operator acting on the same unknown function. As a numerical illustration, projecting of the Germany population is carried out under exponentially growing immigrant flow, and dependence of limiting proportion of migrants from the growth rate of the migrant inflow. Real data was used for 2010 as initial data. In the frame of our model, the stabilization time for the population dynamics is approximately 70 years. Calculations have shown that ageing in Germany would be offset during this time period with the help of a non-decreasing migration flow if the age-structure of the flow is as in 2010. Moreover, we have found that if the growth rate of migration flow is sufficiently small then the fraction of migrants in the population of Germany will be acceptable (if migration flow would increase by 1.6% per year then the limiting fraction of migrants in the population of Germany would be 50%). The results are of practical relevance. Policy-makers can set sustainable immigration levels to offset population decline and ageing in the long-term. A notable outcome of this work is the framework developed that allows different immigration growth rates to be set, as well as different age structures of incoming migrants, thus enabling policy-makers to manage the evolution of the population.
